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Abstract 

In this paper, based on the AdSz/CFTi prescription, we explore the low fre¬ 
quency behavior of quantum two point functions for a special class of strongly 
coupled CFTs in one dimension whose dual gravitational counterpart consists of 
extremal black hole solutions in higher derivative theories of gravity defined over 
an asymptotically AdS space time. The quantum critical points thus described are 
supposed to correspond to a very large value of the dynamic exponent (z —>• oo). 
In our analysis, we find that quantum fluctuations are enhanced due to the higher 
derivative corrections in the bulk which in turn increases the possibility of quantum 
phase transition near the critical point. On the field theory side, such higher deriva¬ 
tive effects would stand for the corrections appearing due to the finite coupling in 
the gauge theory. Finally, we compute the coefficient of thermal diffusion at finite 
coupling corresponding to Gauss Bonnet corrected charged Lifshitz black holes in 
the bulk. We observe an important crossover corresponding to z = 5 fixed point. 


1 Overview and Motivation 

Dissipative dynamics of a massive charged quark moving through a strongly coupled hot 
Af = 4 SYM plasma has been one of the major focus of theoretical investigations during 
the past one decade n-0. Under a holographic set up, an infinitely massive quark 
could be thought of as an end point of an open string hanging from the asymptotic AdS 
boundary to the horizon of the black hole. On the other hand, a quark with finite mass 
and in the fundamental representation of the gauge group could be thought of as the end 
point of an open string stretched in between a flavor brane (that Alls the space time at a 
finite radial distance) and the horizoifl. 

The dissipative dynamics, in particular the effect of drag force on the massive charged 
quark moving through the hot viscous plasma has been extensively investigated in IB-123 
and subsequently in several other works i-ra. The outcome of these analysis is that 
due to the viscous drag, the quark constantly loses its energy as it passes through the 
hot plasma. The corresponding momentum flux flows down towards the horizon along 
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1 At this stage it is noteworthy to mention that through out our analysis we would assume that the 
open string does not back react on the background geometry. 


1 



the world sheet. As a result of this, in order to keep the quark moving with a constant 
velocity v, one needs to feed energy to the quark at a constant rate and which is achieved 
by applying a constant electric held at the boundary [I]. For some excellent reviews on 
heavy ion collisions in AdS/CFT see [2Tj-[22] . 

Recently, the dissipative dynamics associated with the quantum critical systems has 
been extensively investigated in the context of nonrelativistic held theories with arbitrary 
dynamic exponent (z) m-m- In [23], authors study the dissipative quantum dynamics 
associated with quantum critical systems at a Lifshitz hxed point. These analysis has 
been further extended for quantum critical systems with hyperscaling violation (0 > 0) 
hi [23]. In their analysis [23] of the zero temperature dissipative forces associated with 
the quantum critical point in the presence of a massive probe particle, the authors had 
found out a crossover corresponding to the z = 2 hxed point which they identified as a 
consequence of the fact that the inertial mass (m) of the particle becomes irrelevant for 
z > 2 which therefore does not contribute to the low energy dynamics of the quantum two 
point function corresponding in this particular regime of £. In theories with hyperscaling 
violation, such a crossover was observed for z + ^- > 2 [23], where 6 is the so called 
hyperscaling violating exponent and d is the number of spatial directions for the spacetime. 

One of the fascinating outcomes of these analysis is that in the limit z —y oo, the low 
frequency (or energy) behavior of the quantum two point function thus computed for the 
dual held theory turns to be extremely simple and quite illuminating namely [241 . 

< X(tu)X(0) > ~ — (1) 

regardless of the value of the hyperscaling violating exponent (6) and the dimensionality 
(d) of the spacetime. In a holographic construction, the above result (JT[) could be realized 
by considering extremal RN black holes in the bulk where the dual theory in its deep 
IR hows towards a one dimensional CFT which essentially describes a quantum critical 
point with z = oo [23]. In other words, the above result (P corresponds to the low 
frequency behavior of quantum correlators corresponding to a quantum critical system 
at large values of z where the dual counterpart consists of extremal AdS black holes in 
the bulk whose near horizon geometry turns out to be AdS -2 x M d ~ 2 . Such an observation 
is not quite surprising due to the fact that the spacetime with Lifshitz scaling goes over 
to AdS 2 x M d ~ 2 in the large z limit [53]. This could be checked momentarily as follows. 
Consider the following Lifshitz metric in d dimensions [153] . 

ds 2 = -r 2z dt 2 + ^y + r 2 dx. 2 . (2) 

Now consider the following coordinate transformation namely, 


Substituting (J3J) into (f2j) , we finally obtain, 

ds~ = 9 9 (— dt 2 + dg 2 ) H— -dx 2 (4) 

z 2 g 2 ' g 2 ' z 

which precisely goes over to AcLS^ x l4~ 2 in the large z limit. The bottom line is therefore 
any analysis performed over ]2]) should be equivalent to an analysis performed over AdS 2 x 
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M d ~ 2 in the large z limit. These analysis therefore suggest that the low energy behavior 
of the correlation function should essentially be captured by the near horizon structure of 
the extremal black hole in the bulk. The basic characteristic feature of the above result 
(JTj) thus turns out to be universal as long as the extremal black holes are concerned. This 
observation is therefore quite similar in spirit to that of the shear viscosity calculations 
in the context of extremal black holes [25]-|29j. 

The purpose of the present article is precisely to push the above idea in the context 
of higher derivative theories of gravity and to see whether there are any effects of higher 
derivative corrections on the quantum two point function evaluated at the end point of 
the string corresponding to z = oo fixed point. In the language of Gauge/gravity duality, 
the higher derivative corrections in the bulk correspond to finite X t corrections on the 
gauge theory side, where A t (— gy M N) is the so called t’ Hooft coupling corresponding 
to AT = 4 SYM plasma. In our analysis, following the original approach of |24j . we 
compute quantum two point function corresponding to z = oo fixed point considering 
extremal black holes in higher derivative theories of gravity whose near horizon structure 
essentially turns out to be AdS -2 x M. d ~ 2 . Following the previous discussion, it is therefore 
quite natural to expect that the low frequency fluctuations at the end point of the string 
must exhibit some unique feature as mentioned in flTD. In addition to that one might 
expect some finite higher derivative corrections to quantum correlators which should be 
smoothly mapped to (JT() in the limit of the vanishing coupling. The source of these 
higher derivative corrections could be easily anticipated from the induced metric on the 
world sheet geometry which thereby affects the dynamics of the scalar fields (fluctuations) 
propagating over the string world sheet. 

Looking at the present analysis from a more general perspective, one could think of it as 
quite similar in spirit to that of the earlier hydrodynamic analysis performed in the context 
of extremal black holes[25]- [29] - Since the low frequency behavior of the hydrodynamic 
fluctuations are essentially captured by the near horizon geometry of the black holes in 
the bulk, as a result the rj/s ratio turns out to be universal both in the Einstein as well 
as in the Gauss Bonnet (GB) gravity |25|-[29|. The present analysis is quite relevant in 
this sense as the low frequency behavior of the quantum fluctuations are also captured 
by the near horizon data in the bulk. Surprisingly, unlike the hydrodynamic scenario, 
we notice some finite higher derivative corrections to the quantum correlation function 
corresponding to z = oo fixed point which turns out to be additive. The significance 
of this result is therefore the following: The higher derivative corrections on the gravity 
sector enhance the quantum fluctuations near the quantum critical point which thereby 
increases the possibility of the corresponding quantum phase transition. 

The organization of of the present paper is the following: In Section 2, we compute two 
point quantum correlation function corresponding to z = oo fixed point both in the Gauss 
Bonnet (GB) [25] as well as in the third order Lovelock gravity [3D]. It is noteworthy to 
mention that in the limit of the vanishing coupling, our result smoothly matches to that 
with the earlier findings in [24]. In Section 3, for the sake of completeness, we compute the 
thermal diffusion coefficient corresponding to charged Lifshitz black holes in GB gravity 
[31]. We observe an important crossover at certain values of the dynamic exponent (2). 
Finally, we conclude in Section 4. 
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2 Fluctuations: AdS 2 /CFT\ correspondence 

2.1 Gauss-Bonnet gravity 

In this section, our aim is to compute the two point quantum correlation function asso¬ 
ciated with the quantum critical systeml! (corresponding to the z = oo fixed point) in 
the presence of a massive charged (quark like) particle at the boundary. What we would 
essentially study is the linear response of the system when perturbed due to some exter¬ 
nal (electrical) force. In order to compute the two point correlation function, we would 
assume the so called fluctuation dissipation theorem [32] which relates the two point cor¬ 
relation with the imaginary part of the response function. In our analysis we are basically 
interested to compute the two point quantum correlation function at finite coupling. In 
other words, we look for finite A* corrections to the quantum correlation function. In order 
to explore such non trivial effects at the boundary, in the dual gravitational description 
one needs to go beyond the usual notion of two derivative Einstein gravity and include 
higher derivative corrections to the usual Einstein-Hilbert action. 

Keeping all these facts in mind, in our analysis we start with a minimal introduction 
to the dual gravity set up in the bulk which is essentially described in terms of extremal 
Gauss-Bonnet(GB) RN black holes in (4 + 1) dimensions. The corresponding action turns 
out to be [28], 


S = 

£-gb 


1 

2^2 


J d 5 x^g 


K + y + ~y Lgb ~ yV 


_ D TDabcd 

— Rabcd^ 


4 R ab R ab + R 2 


(5) 


where A is the GB coupling and n 2 = 8nG. The extremal background that results from 
the above action (]5]) could be expressed as [28], 


ds 2 


/(«) 

J\T 2 


y 2 r 2 l 2 chi 2 

(-f(u)J\f 2 dt 2 + dx 2 ) + 
r u z j(u) 

1- — 4A (1 — u~ 2 ) 2 (1 + 2u~ 2 ) 

i(l + Vl- 4A), A = fi(l - u~ 2 )dt, n = 


( 6 ) 


where u(= r/rn) is a dimensionless radial variable such that the horizon is placed at 
u — 1 and the boundary is located at u —» oo. Eq.(j6]) is precisely the starting point of our 
analysis. It is interesting to note that in the extremal limit, the near horizon structure 
corresponding to the above class of charged black branes turns out to be AdS- 2 x R 3 which 
therefore suggests that holographically the IR physics of these quantum critical points is 
described in terms of a one dimensional conformal field theory {CFT ]) where only the 
time coordinate scales with 0 = oo, where z is the dynamic critical exponent [24]. 

The physical picture behind our analysis is the following. The heavy charged quark at 
the boundary could be thought of as the end point of an open string stretched in between 

2 Note that the UV fixed point of the boundary field theory is described in terms of a CFT ,4 which is 

dual to AdSs. On the other hand, the in the deep IR the theory flows to a CFT\ which is dual to AdS 2 - 
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a probe D bran^l (that is radially extended from the boundary at r —* oo to a finite radial 
distance at r = tb ) and the horizon at r = rn [ 23 ]. We then apply an external electric 
held $ xt = $(t) ~ e iro 4 5 (rD) on the havor branes which thereby exerts some electric force 
on the charged quark and thereby making it fluctuate. Such an external force could in 
principle be realized in terms of a boundary action of the form, 


Sem — 


dtdr5{r — r B )$(t)X(t,r) 


( 7 ) 


which thereby does not affect the bulk equation of motion. We then study the linear 
response of the quantum critical system to the fluctuations associated with the massive 
quark at the boundary. In order to study these fluctuations one essentially needs to 
go beyond the usual classical description of the string and consider fluctuations over 
the induced worldsheet geometry. These fluctuations could be thought of as propagating 
scalar modes over the string worldsheet. What we essentially compute is the low frequency 
behavior of the two point correlation between these scalar modes at the boundary. 

The dynamics of the string is described in terms of the Nambu-Goto action, 


Sng = 


1 

27ia' 


d 2 cr ^—det'jab 


( 8 ) 


where 7 a b = g^daX^dbX u is the induced metric on the string worldsheet and X^s are 
the so called string embedding functions [231-[241. Expanding the above action (TT2T) upto 
quadratic order in the fluctuations we note thato, 


c ~ q(°) 
ONG ~ J N g 


1 

47red 


dt du 


rhAfu 3 4 5 f(u) f dx\ 2 
l A \<9u/ 


where the Erst term on the r.h.s of ([9]) corresponds to the 
static string with the energy density, 


r H ( dx \ 2 
2 Nf(u) V<9ty 


(9) 


classical ground state of the 


E _ N{tb ~ r H ) 
27red 


( 10 ) 


Note that if we extend the string all the way to r —> 00 then the quark becomes infinitely 
massive and thereby loses all its dynamics at the boundary. Therefore in order to have a 
finite mass for the quark one needs to fix a cutoff r = r B which is precisely the location 
of the flavor brane. 

The equation of motion corresponding to these fluctuations turns out to be, 


d fr]jNu 4 f(u) fdx\\ r H fd 2 x\ _ 

du V l A \du)) 2 Aff(u)\dt 2 J ' [ ’ 

3 The probe D- brane essentially corresponds to the limit Nf <C N, where Nf corresponds to the 
number of hypermultiplates in the fundamental representation of the gauge group [19] . Under this 
limiting condition one can therefore ignore the effect of backreaction on the background space time due 
to flavor branes. 

4 In the present analysis we set our static gauge as, r = t and a = u. Moreover, as the fluctuations 
essentially decouple from each other therefore in our analysis we consider fluctuations along a particular 
direction which for the present case is along the x direction. Note that by doing so we effectively focus 
our attention to the three dimensional slice of the asymptotic AdS spacetime. 

5 Holographically, for the present case, a static straight string hanging from r = down to the black 
brane horizon at r = r B corresponds to a static charged (quark like) particle at rest at the boundary. 
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Expressing these fluctuations in terms of the Fourier modes namely, x(u,t ) rs./ e lut h u (u) 
and substituting it back into (HI]) we obtain, 


d (r 3 H Nu A f(u) fdh w \\ uj 2 r H 

8u V / 4 V du )) 2Nf(u) u 


( 12 ) 


In order to obtain a systematic solution (/i w ) near the boundary of the space time, one 
needs to consider the above equation (fT2l) separately in the following three regions. 


2.1.1 Near horizon region (u ~ 1) 


In order to solve the above equation in the near horizon limit we consider the following 
a n sat z namely 

ro 


u = 1 + 


£ 


(13) 


such that in the limit u —> 1 
to/i —> 0 [25]. Using (1131) . the 
be, 


both ro —> 0 and £ —> 0 in such a way so that the ratio 
corresponding equation for these fluctuations turns out to 


d 2 K 

d~e 


K 2 h tt 


(14) 


where ’ « 2 = I44 ^(iwi-4A) - 

Finally, the most general solution corresponding to (TT4|) could be read off as, 


^n/out) = e±iK { _ 1 ± ( 15 ) 

(n- t) 

Here the superscript (in)/(out) corresponds to ingoing and outgoing waves with respect 
to black hole horizon in the bulk space time. At this stage it is customary to mention 
that the notion of ingoing or outgoing modes are perfectly valid for the worldsheet scalar 
modes. This is due to the fact that the worldsheet metric in the absence of any fluctuation 
could be expressed in the form of a black hole metric whose horizon precisely coincides 
with that of the black hole horizon in the bulk. As a result, one can go a step further 
and define the so called tortoise coordinate in order to distinguish between the so called 
ingoing and outgoing modes with respect to these worldsheet fluctuations pTfl] . 


2.1.2 Intermediate region (1 < u < oo) 


In order to solve (fl2|) in the intermediate region we consider the following power series 
expansion in the frequency to namely, 

h m = h\ p 0) + + C>(tn 3 ). (16) 

As a next step, we substitute (1T6|) into (fl2|) and consider the equation corresponding 
to hn' 1 which turns out to be, 


d ( r 3 H J\fu A f{u) ( dh 
da ¥ 



= 0 . 


( 17 ) 


5 We have replaced oj —> to /l and £—*•£// where ro and £ are dimensionless entities. 
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At this stage one should take a note on the fact that it is indeed a difficult task 
to solve the above equation (1171) exactly. One therefore needs to make certain clever 
approximations. For certain choice of the coupling (A), it is in fact quite trivial to check 
that the radial function f(u) quickly saturates to its boundary value as one moves slightly 
away from the horizon. Therefore for our purpose it is indeed sufficient to check the 
solution within that range. Considering all these facts, the corresponding solution in the 
arbitrary region {u > 1 ) turns out to be, 

Ci ( 5776 392u + 38 6u(5u +1) + 1 \ 

2 12(w-l) 1 V (144A + 211) 3 w (144A + 211) 2 w 2 3(144A + 211)w 3 / 1 W 

1 ( Z + 31(A) t a 

36 og( u + ^27A + 17(144A + 211) 4 

-4V27A + 17 (91(A) log(w) + 13(A) log (l47w 2 + 144A(w - l ) 2 - 346m + 211)) (18) 

where X(A), 91(A) and 13(A) are some complicated polynomials in A whose detail we skip 
as they are not quite illuminating. Expanding the above solution (lT 8 j) around u ~ 1 and 
comparing the 0{u — l ) -1 as well as the 0(1) terms with solution (1171) we note that, 

C% n/out) = 1 - c[ in/out) G( A), C[ in/out) = Tl^iKtv (19) 


h {0) - 
Hu) = 

z = 


where G(A) is a complicated polynomial of the following form, 


G(A) 

21(A) 

231(A) 

9li(A) 

9t 2 (A) 


_a(A)_ 

288a/27A + 17(144A + 211) 4 

(144A 931(A) + 354545440087) tan " 1 ( = =) - 4\/27A + 17 (9li(A) + 9l 2 (A)) 

\4v27A + 17/ 

2592A(16A(72A(432A + 2587) + 440819) + 8165535) + 11800193911 
24 (144A + 211)(576A(1332A + 3581) + 1392415) + 288A(72A + 193) 

(288A(72A + 193) + 37837)(288A(72A + 589) + 186709) log( 12 ). (20) 


On the other hand, expansion of the above solution (1T8]) corresponding to the large 
values of u yields, 


Ci(432A(144A(48A + 251) + 59833) + 13813219) 
12(144A + 211)% 


96Cl(3A + 4) 
(144A + 211 ) 2 m 2 ’ 


( 21 ) 


2.1.3 Asymptotic region (u —> oo) 

Near the asymptotic region, the functional form of the metric f(u) turns out to be, 


/c 



y/1 -4A 


( 22 ) 


As a result, the asymptotic form of the original equation (TT 2 l) turns out to be, 


d f 4 fdh m \\ tn 2 / 2 
du\ V du )) 2r 2 H N" 2 f 00 


0 . 


(23) 


7 























( 24 ) 


The solution corresponding to ([23]) could be formally expressed as, 


iV2£ i 


m 




3/2 


i<E i 


2y / 2tf 


z 2 


u 


N 2 fa 


Finally, comparing (l2i]) with (|2T| and retaining terms upto quadratic order in the fre¬ 
quency (to) we note that, 


w «.(in I out ) 


^2 


2304 v / 2Mu 2 /(3A + i) 

=F ^V r v7~r jy (144A + 211) 2 


iV2(^ nlout) 

"> 3 fe) 3/2 


+ C 


{in/out) 
2 


(25) 


With the above solution (l2il) in hand, we next proceed to calculate the linear response 
of the system due to the presence of an external force From the bulk point of view, the 
notion of force could be thought of as turning on a world volume 17(1) gauge field for the 
probe brane. As the end point of the string is charged due to this 17(1) field, therefore in 
order to add the desired force at the end point of the string, we add an additional term 
to the Nambu-Goto action (JHJ) which is of the form, 


Sem = [ dt(A t + A x x) (26) 

JdM 

which is a pure boundary term and therefore does not affect the bulk equation of motion. 

The linear response of the system in the presence of an external source could be 
expressed as pi] . 


< x m >= 0(tu)g'(ra) (27) 

where ®(tt>) is the retarded Green’s function and/or the admittance of the system. Know¬ 
ing the retarded Green’s function, our goal would be to compute the two point quantum 
correlation for the boundary theory which is directly related to the imaginary part of the 
retarded Green’s function as pi] . 


< X(tu)A"(0) >= 2 Xm 0(tu). 


(28) 


In order to compute the external force at the boundary we consider the ingoing wave 
boundary condition near the horizon of the black brane (]6]) namely, 

x n (t,u) = e- imt <B m h£ n) (29) 

where Q3 ro is the normalization constant that is fixed by the normalization condition [23], 

< x m \x m ' >— 5(tu — tt/). (30) 


Using the ingoing wave boundary condition, the external force exerted on the fluctu¬ 
ating string could be formally read off as 




1152ituA/ r rsr| f fi)lB tt ,(3A + i) 
vra7 3 (liiA + 211) 2 ' 


( 31 ) 











Using m, d2ZD and (T3TT) and considering the limits r v/r H -C 1 and Vb/th 1 the two 
point function finally turns out to be, 


< X(ro)X(0) > 


1 (144A + 211) 2 
tn J\fn(3\ + 4) 


(32) 


Eq (13 2 p essentially represents the full non perturbative A corrected expression for the two 
point correlation. In order to see the leading order effects in the GB coupling, we expand 
the above expression (l32j) perturbatively upto quadratic order in A which yields, 


< X(tu)X(0) > 


* 519A 3249A 2 \ 

ro V + 844 + 712336/ ' 


(33) 


Eq. (l33j) gives an exact analytic expression for the modified two point quantum correlation 
function in the presence of higher derivative (GB) corrections to the bulk gravitational 
action. Like in the case for the usual two derivative theory of gravity, the 1/lu factor 
sitting in front of the above expression in (fool) essentially confirms the fact that the IR 
physics of the dual QFT is essentially controlled by an one dimensional conformal held 
theory (CFTi) which could be thought of as a quantum critical point with z — oo [24]. 
It is also noteworthy to mention that in the limit of the vanishingly coupling (A —» 0), 
our result (1441) smoothly matches to that with the earlier findings in [24] . The subleading 
corrections appearing in (1441) essentially correspond to 1/A t corrections on the gauge 
theory side. Interestingly enough we note that the subleading corrections are all additive 
(at least upto quadratic order in the GB coupling (A)) which therefore suggests that the 
higher derivative corrections always enhance the fluctuations around the quantum critical 
point and thereby increases the possibility of the quantum phase transition. 


2.2 Lovelock gravity 

2.2.1 Preliminaries 


For the sake of completeness, it is customary to explore the fate of quantum critical points 
under a general holographic set up where the dual gravitational counterpart consists of 
most generic higher derivative corrections beyond the usual GB term. It is a well known 
fact that the presence of higher derivative terms in the gravitational action in general 
introduce ghosts in the theory and thereby violates unitarity. However, it is Zwiebach 
[44] and Zumino [44] who first pointed out that one could avoid the unitarity problem 
if the so called higher derivative terms are expressed as the dimensional continuations of 
the Euler densities. These are precisely the theories which are known as Lovelock gravity 
[35]. For a brief review on black holes in Lovelock gravity see [36]. 

Lovelock gravity is the most general classical theory of gravity which yields held equa¬ 
tions for the metric at most at the two derivative level [44]. The most generic Lovelock 
action in d + 1 dimensions could be expressed as [45], 

, ^[f] 

S= d d+1 xy/^g E (34) 

J p=0 


where [f] stands for the integral part of d/2 and a p is the p th order Lovelock coefficient. 
Here £ p s are the so called Euler densities, 


ri c\—p cCL\b\..CLpbp 

— Z °c 1 d 1 ..c p d p 


R cidl aibl -R 


C-nd-n 


(35) 
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where, 5 “^"^ p is the totally antisymmetric product of Kronecker delta symbols in both 
set of indices. It is quite evident from the definition of the theory itself that the Euler 
density (£ p ) either vanishes or appears as a total derivative for p > [|] and therefore 
does not affect the equation of motion. The Euler densities corresponding to p = 0 
and p = 1 essentially stand for the cosmological constant and the usual Einstein-Hilbert 
term respectively. These are therefore the simplest example of Lovelock gravity in (3 + 
1) dimensions. The first non trivial contribution to the action (j3jj) appears in (4 + 1) 
dimensions for p — 2, where one could add a specific combination of the Riemann tensor 
that results in the so called GB term. 

We start with the following Lovelock action in D dimensions [ 30] , 

S = ———— f d D x\/—g{—2 A + R + (XoC-gb + ol%C,$ — AttGdF 2 ) 

1o7tG£) J 

r O I jabcd p zjef , o TDab pee pd/ , qa Tjabcd p pe 

*-3 ~ ttcdeftt ab + o K c dK bfdx ae + K c dbeXL a 

+3 RR abcd R cdab + 24 R abcd R ca R db + 16 R ab R bc R c a - 12 RR 2 ab + R 3 (36) 


where, jCgb is the standard GB Lagrangian (J5j) and F^ 2 ){— dA p)) is the two form held 
strength. With the following choice of the parameters, 


Oi2 


a 

(D — 3)(.D — 4) ’ 


«3 


3(D — 3)..(D — 6 ) 


the corresponding charged black hole solution turns out to be [30] , 


(37) 


ds 2 

H(u) 

Qj2 


—'H(u)V3 2 dt 2 + 'H 1 {u)du 2 + u 2 dx. 
2 


u 

a 


1 - U - 3a [ 1 - + 


a 


1 — (1 — 3 a) 1 / 3 ’ 


a = q 


D—1 


2D—4 


U 


1/3' 


(38) 


where we have set the AdS length scale (1) equal to unity. The radial coordinate u is 
dehned as earlier such that the horizon is located at u — 1 and the boundary is located 
at u —y oo. From the structure of the above solutions (j38lb it is indeed quite evident that 
in order to preserve the asymptotic AdS boundary conditions the corresponding value of 
the higher derivative coupling must be bounded above namely, a < 1/3. We will have 
more discussions about this bound in the subsequent sections. 


2.2.2 Extremal limit 


In the present calculation we would be interested in the so called extremal limit of the 
above black hole solution ()38l) . The final object that we want to evaluate is the two point 
correlation function at T = 0. In our analysis we would set D = 7. The extremal limit is 
achieved by setting a = q 2 = 3/2 [30] which yields, 


H{u) 


u 

a 


1 - < 1 - 3a ( 1 - - u 


3 

+ 2 M " 


1/3' 


(39) 
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Before we proceed further, let us first explore the near horizon structure of extremal 
charged black brane solutions in third order Lovelock gravity as mentioned above in (1391b 
To explore the near horizon structure we set, 


u = 1 + s, |£| 1. 


(40) 


For our analysis, it is in fact enough to focus only on the (t — u) sector of the metric which 
turns out to be, 

ds 2 ~ —e 2 dt 2 + 4v + .. .. (41) 

£ z 

Finally, by setting 7 = 1/e we arrive at, 

ds 2 = 4 (-dt 2 + d 7 2 ) + ....= AdS 2 x M 5 . (42) 

ryZ \ / 

From ()42lh it is quite evident that the boundary held theory in its deep IR hows towards 
a one dimensional CFT\ dual to AdS 2 . Like we noticed earlier, it is a quantum critical 
point with z — 00 which thereby suggests that in the low frequency limit, the imaginary 
part of the admittance should scale as the inverse of the frequency (to) itself. 

The energy corresponding to the static string turns out to be, 


33 (r B ~ r H ) 

‘I'KOLTn 


(43) 


Considering small huctuations, the linearized equation of motion about the average 
configuration of the string turns out to be, 


d_ 

du 



u 2 / 

HTF \ W) = 


(44) 


Substituting huctuations in terms of their Fourier modes namely, x(t, r ) 
hnally arrive, 


d_ 

du 



+ 


u 2 tn 2 


0 . 


= e lWt h m (r) we 
(45) 


2.2.3 Near horizon region (u ~ 1) 

In order to solve (1451) in the near horizon limit we set, 

tn 

u — 1 H-. (46) 

Using (146|) . the near horizon structure of (145|) turns out to be 

,cw + (s») Mc) = 0 ' (47) 

The corresponding ingoing solution turns out to be, 

M“) = 1 + + 0(™ 2 )- (48) 
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2.2.4 Intermediate region (1 < u < oo) 

Following the arguments as mentioned earlier in (TTfilh the equation corresponding to zeroth 
order in the fluctuations turns out to be, 


d_ 

du 



= 0. 


(49) 


The exact near horizon structure of the solution corresponding to (1491) turns out to be, 


~ T^miEi 


7(u - 1) 


+ 


U^—l) 
mie 3 


9 — 9 u 


+ m 2 


(50) 


where Ei(w) is the so called exponential integral function [37], 

From the near horizon structure ()48lh it should be clear by now that the unknown 
constant mi could in principle be a linear function of the frequency (tu). Comparing (l48j) 
and (|50|) for u ~ 1, we finally note that, 


mi 


3im 

1023’ 


(51) 


Finally, the asymptotic solution corresponding to (l49|) could be formally expressed as, 


h 


(o) 


m 2 


TTlj 

3 u 3 ' 


(52) 


2.2.5 Asymptotic region (u —>■ 00) 

I11 the asymptotic limit (u —> 00), the functional form of "H(w) turns out to be, 


2 r 


11 

T-L{u) = — 1 — {1 — 3a} 
a L 


1/3 


u 

2J 2 ' 


Using (153|) . the asymptotic form of (14511 turns out to be, 

4 23 2 tu 2 

K + -h' w + — —h w = 0 
11 


u 


which has a solution, 

, M-v f' 2 

n XV - ^ o^n/o I 


n 2 


+ ni 


2m 3 23 9 / 2 4u 2 rov / —23 2 ' V 1 6 u 3 J 

Comparing (T52|) and (T55l) we finally note that, 

3/m 


n 2 ^ n 2 ra\/-23 2 


16m 4 


+ 0(tv 2 /u 2 ). 


n 2 = 2mi = 


523 


(53) 


(54) 


(55) 


(56) 


Using (l55]h and computing the external force exerted at the end point of the string the 
two point correlation finally turns out to be, 


< X(tu)X(0) > 


2 3- 1 If a 17a 2 \ 

-= -[! + - + ) + 0(a^ 


m 


rc 


24 


(57) 
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As we noticed in the previous section, the above result in (15?)) merely reflects the fact that 
the dual field theory in its deep IR flows towards CFT X with z = oo which is perfectly 
consistent with our earlier observation in (1421) . Moreover, like in the GB case, we notice 
that the holographic Lovelock corrections to the quantum two point correlation function 
are all additive at least upto quadratic order in the coupling which therefore (like the 
GB case) enhance the quantum fluctuations around the critical point. Finally, it should 
be noted that unlike the usual GB case [28], in principle there does not exist any upper 
bound on the Lovelock coefficient (a) due to the fact that the effective speed of graviton 
wave packet (c s ) is always less than the local speed of light (c = 1) at the boundary [30]. 


3 Thermal diffusion 


The physics of thermal dissipation is actually encoded in certain parameter known as 
the coefficient of thermal diffusion ((D) that describes the so called Brownian motion of 
a heavy quark in a hot viscous plasma [32]. All these analysis typically assume that the 
dynamics of the heavy quark in a strongly coupled Af = 4 SYM plasma is governed by 
the so called Langevin equation which yields, 


A/Af 27 tT' 



From the knowledge of the diffusion constant (155)) one could in fact infer how strong the 
quark is coupled to the plasma, for example, the smaller value of the diffusion constant 
essentially corresponds to the stronger coupling as well as the shorter mean free path. 

The purpose of this particular part of our analysis is to turn our attention towards 
the physics of thermal dissipation corresponding to some Lifshitz like fixed point at finite 
coupling. The corresponding dual gravitational description in the bulk essentially consists 
of Gauss Bonnet (GB) corrected charged Lifshitz black holes in (4 + 1) dimensions [31]. 
Holographically this construction in the bulk implies that we are basically looking for 
some sort of corrections to the boundary correlation function due to the presence of finite 
coupling on the gauge theory side, in the so called non relativistic limit. 

As pointed out in [25, it is indeed a quite difficult to obtain an exact GB corrected 
Lifshitz black hole solution in five dimensions. Therefore the author tried to find out a 
perturbative solution in the GB coupling (A). The action that one generally starts with 
is of the following form |31] . 


5 = 


167rGi 


J d 5 Xy/^ 


m 


A l 2 


R — 2A — -F — —A' - + — C GB 


(59) 


Note that here the original two form fields F) 2 ) are auxiliary by construction and they 
have the only role in deforming the asymptotic geometry from AdS to Lifshitz. On the 
other hand, the original Lifshitz black hole is charged under the second U( 1) gauge field 
Alp). Another intriguing fact about these charged Lifshitz black hole solutions is that 
they do not admit any extremal limit. 

The GB corrected charged Lifshitz black holes that stems out from (F>9D could be 
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formally expressed as 


ds 2 

f ( r ) 


(j r 2 

l 2 [-r 2z f(r) 9 (r)df + ^ IF) + 
/o(l + A/ 0 ), /o(r) = l-j^e, 



(* = 1,2,3) 


9 (r) = exp 



( 60 ) 


In order to proceed further, we define a new variable u — r/rn in terms of which the 
above metric (jUUl) turns out to be, 


ds 2 

/(**) 


/ 2 ~(ur H ) 2 z f(u)g(u)dt 2 + 
/o(l + A/ 0 ), fo( u ) — 1 


du 2 

u 2 f{u) 

Q 2 


18u 6 r ’ 


+ u 2 r 2 H dx 2 , 
#(**) = exp 


(* = 1,2,3) 

5AQ 2 A 
27u 6 r^ ) ' 


(61) 


Note that the dynamic critical exponent corresponding to the above solution (j6Tj) is 
2 ; = Zq T 2A(^o — 1), where Zo(= 6 ), is the dynamic exponent corresponding to the zero of 
the GB coupling (A). The temperature of the boundary theory is precisely given by that 
of the Hawking temperature in the bulk namely [31], 


T 


z 0 r H 

An 


exp 



(62) 


The holographic picture is essentially the same as what we have seen in the previ¬ 
ous section. The massive particle and/or the heavy quark in this hot Lifshitz bath is 
represented by means of the end point of an open string suspended from the probe D 
brane placed at r = r#. The goal of our present analysis is to explore the effects of 1/A* 
corrections on the Brownian motion of the charged particle in this hot Lifshitz bath. The 
quantity that we are finally interested to compute is the thermal diffusion constant which 
could be expressed in terms of retarded Green’s function as [23], 


S = — lim ztuT0(tu). 

ro—>0 


(63) 


In order to compute the above quantity in (]63j) . we follow the same steps like we did 
in the previous section. As a first step of our analysis, we note down the Numbo-Goto 
action expanded upto quadratic order in the fluctuations, 


5 


NG 


o(0) __ 

J NG 


l 2 r 2 + 


Ana' 


dt du 


u 


z +3 


Va(u)f( 


u 




r H u 


dx\ 

du) y/g{u)f( 


u 


dx 

dt 


(64) 


As usual the leading term on the r.h.s of (I64p represents the energy of the non fluctuating 
classical string which for the present case turns out to be, 

l 2 (r% - r%) | 5A/2 (S 2 lo § (hf ) + 3r B ( 6 l°g (ff ) + 6 log (r H ) - l) + r e H (3 - 18 log (r H ))) 

12 vra' + 108vra' 

As usual, in the limit r —> oo we have an infinite contribution to the rest energy of the 
quark which thereby makes it infinitely heavy. Therefore in order to have a meaningful 


.( 65 ) 
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notion on the Brownian movement of the particle one needs to place the probe brane at 
a finite radial distance. 

The linearised equation of motion that follows directly from (jM]) could be formally 
expressed as, 


d_ 

du 




r^u 1 z f d 2 x\ 
yjg{u)f{u) \dt 2 ) 


Substituting x(u,t ) ~ e mt h m (u ) into (1601) we finally obtain, 


0 . 


d_ 

du 




t v 2 r H 2z u 1 z 


( 66 ) 


(67) 


In order to solve fluctuations h m , we follow exactly the same steps like we did in the 
previous section namely, we solve (j67l) in three different regions and obtain the exact 
solution near the asymptotic region by matching appropriately with the solution in the 
interpolating region. 


3.0.6 Near horizon region (u ~ 1) 

In order to solve fl67l) in the near horizon (u ~ 1) limit we consider the following ansatz, 

U = 1 + C, |C| « 1- (68) 

Before we proceed further, let us first express (l67l) schematically as, 

ro 2 

d u (. R(u)h„(u )) + g2( u \ hn = 0 ( 69 ) 

where, R(u) ~ y/g{u)f{u) very close to the horizon. Let us now confine ourselves upto 
leading order in the frequency (tt>) for which the equation (169|) simply reduces to, 

d u (Si{u)ti m (u)) «0. (70) 

In the limit u —> 1, the function &(u) could be expanded as, 

M(u) = (u- 1)^(1) + .. .. (71) 

Using (168|) and (ITT]) , the above equation (1701) trivially reduces to, 

K( C) + ^P«0. (72) 

The solution corresponding to (jT2j) (which is also consistent with the ingoing wave bound¬ 
ary condition [23]) could be formally expressed as, 

h m (u) = a(l — ftu log(w — 1)). (73) 
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3.0.7 Intermediate region (1 < u < oo) 


Following the same steps as we did earlier, we would like to solve (1671) for the intermediate 
region. In order to do that, we consider the perturbative expansion of the mode h m in the 
frequency (to) like we did earlier in (TT6|) . We consider the equation corresponding to the 
zeroth order mode in to namely, 


d_ 

du 



V9(u)f(u ) 



0. 


The corresponding solution turns out to be, 


hn\u) — bi + &2 


du 

«' +3 v®/W 


(74) 


(75) 


where bi and b2 are two constants of integration that is to be fixed. The exact solution 
of (1751) turns out to be rather difficult. Therefore instead of doing this integral exactly, 
we would like to estimate its value both near the horizon as well as at the asymptotic 
infinity. 

Let us first evaluate the integral in (1751) in the near horizon approximation. The near 
horizon expansion of a/ g(u)f{u ) turns out to be, 


« (u- + .. .. (76) 


Substituting (176)) into (175]) and performing the integral we finally obtain, 

hw\u) «bi+ log(n - 1). 

VWl 1 )/ l 1 ) 

Comparing (173)) and (1771) . we note, 

til = 0, f>2 = -/ttmi/i/M i/'n j. 


(77) 


(78) 


We would now like to explore the solution (177)1 near the UV scale of the theory. Before 
we actually compute the integral in ([75]) . it is important to note down the asymptotic 
behavior of the functions g[u) and f(u), 

, , , ^ 5AQ 2 

S(U) “ 1+ 2W5f 

A <“> = (79) 
Using (179)) . the above solution (1751) turns out to be, 


7°) 


u) 


b i + b 2 


2 „,-z-S 


(A(5A- 1) -3)Q 2 m 
54(A + l) 2 (z + 8)r^ 


u 


- 2-2 


(A + 1) (z + 2) 


(80) 


Substituting the value corresponding to the dynamic exponent (z) and expanding upto 
leading order in the GB coupling (A) we finally note that, 


hn\u) « bi + b 2 


Q 2 

252 u 1A r% 


1 \ . /5Q 2 (21 log(w) + 5) 40log(w) + 9A" 

8u 8 J + V 2646n 14 r^ + 32u 8 ) 

(81) 
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3.0.8 Asymptotic region {u —> oo) 

We would now like to evaluate (1671) directly at the asymptotic infinity. The asymptotic 
form of (1671) turns out to be, 

K + Q(u)h' m + t v 2 i(u)hn = 0 (82) 


where, the coefficients could be formally expressed as, 

(-5A 2 + A + 3) Q 2 z + 3 


0 («) 

3(X> 


9(A + 1 )u 7 r 6 H u 

(-5A 2 + A + 3) Q 2 u- 2z - 8 r~ 2{z+3) 
27(A + l) 3 

+ 77n(#) + 


+ 


u 


—2z—2„—2z 

r H 


(A + l) 2 


9u e rh + Q 2 A 2 


9 u 20 r]f 


u 


(83) 


ft should be quite clear by now that in the large u limit0 of (j82|) the term associated with 
the frequency ( to —> 0) becomes insignificant if we neglect all the terms beyond 0{l/u 8 ). 
As a result, the solution corresponding to (1821) turns out to be, 


1 - 2 £ e i 3“ /2 


(A + l)r 


-t>2 u 


—z—2 


(A(5A- 1) -3)Q 2 
(A + 1 )r% 


z±i T fz + 2 Q 2 (A(5A — 1) — 3) 


6 


54(A + l)r% 


(A(5A — 1) — 3)<2 2 
which could be schematically written as, 


z/6 


3 / (A+l)'4 ( (A(5A—1)—3)Q 2 A £±2 

V (A(5A-1)-3)Q2 ^ (A+l)r£ ) 


(z + 2 ) 


K = 0iM(A, Q) - 0 2 


u 


—z—2 


Comparing 


and 


(z + 2) 
we finally note that, 


N(A, Q). 


#1 = «M-‘(A,Q), 


(A + 1) 

Finally, the force acting at the end point of the string turns out to be, 

-il 2 r z ^ 2 Yoa^g(J)f(l) 


SMI i 


27red 


Using (1871) . the imaginary part of the two point correlation turns out to be, 

T „, . 27ra' 

Im0 (tu) = 


\vl 2 r 2 + z y/g(Jjf'(l) 

which finally yields the coefficient of thermal diffusion 


as, 


D = 


2ira z. 


/„ 2 +z 


0 


5(z+2)A 

e 3 


(4tt) 2 +U 2 v^(1)/'(1) 


T 


-l-z 


1 + 


AQ 2 /34r| 


H 


3 r% l Q 2 + 18 


T b ~ z + 0(\ ). 


7 By large u limit we always mean vb/th O’ 1. 


(84) 


(85) 


( 86 ) 


(87) 


( 88 ) 


(89) 
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Two points are to be noted at this stage. Firstly, the GB corrections npto leading order is 
additive and Secondly, for z > 5 the rate of diffusion decreases with temperature. On the 
other hand, for £ < 5 we have the usual scenario of increasing diffusion with temperature 
which clearly indicates a crossover at z = 5. This feature is indeed quite different from 
the earlier observations on the uncharged Lifshitz back ground |23j where the crossover 
was observed at z = 2. Finally, in the limit A —> 0 one recovers the corresponding result 
for the ordinary charged Lifshitz black holes in (4 + 1) dimensions. From (l89|h it is in 
fact quite instructive to figure out some of the intriguing features about the dynamics 
of the Brownian particle in the hot Lifshitz bath. If we assume that the mean free path 
goes with the temperature as, L m f p ~ T 2 ~ 2 and the relaxation time has a temperature 
dependence r ~ 1/T, then the distance traveled by the Brownian particle in time t could 
be formally expressed as, 


AX 2 - = St (90) 

T 

Therefore, one possible interpretation of the above result (j89j) comes from the fact that 
the mean free path of the Brownian particle scales differently in the presence of a non 
zero chemical potential and which shows up as a non trivial temperature scaling in the 
expression for the diffusion constant. 

4 Summary and final remarks 

In the present paper, based on the methods developed in |24j , we study the low frequency 
behavior of two point correlation function for a class of one dimensional CFTs correspond¬ 
ing to z = 00 fixed whose dual gravitational counterpart consists of extremal black holes 
in the usual higher derivative theories of gravity. The two point function thus evaluated 
at the end point of the open string has been found to receive some non trivial higher 
derivative corrections appearing from the gravity sector in the bulk. These corrections 
suggest that quantum fluctuations are enhanced due to the presence of higher derivative 
corrections on the gravity side which thereby increases the possibility of quantum transi¬ 
tion around the quantum critical point. On the field theory side, such higher derivative 
corrections would correspond to an expansion in the coupling 1/At. It is also noteworthy 
to mention that our result smoothly matches to that with the earlier findings [23] in the 
limit of the vanishing coupling. 

Finally, for the sake of completeness and clarity, we compute the coefficient of ther¬ 
mal dissipation corresponding to Lifshitz like fixed points where the dual gravitational 
counterpart in the bulk consists of Gauss Bonnet corrected charged Lifshitz black hole 
solutions in (4 + 1) dimensions. In our analysis we observe an important crossover corre¬ 
sponding to z = 5 fixed point. We identify our result as a natural consequence of the non 
trivial scaling of the mean free path with temperature. 
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